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1
.

Preliminaries from group theory
1
.

. 1
.
Finite imple groups Jordan-Holder theorem

no normal subgops .

other than G and 913

Thm (Classification of fin · simple grps .)

A fin · simple grp, is one of the followings.

cyclic grp, of prime order Ep (0 : Prime

alternating grp . An (n = 5)

simple grps. of Lie type

26 sporadic grps.

subgrp.subse 6 pariahs (not
quotient of subgup.

of M)
& o

80&

Three important fin · simple gaps:

V= 1 I
order

the Mathieu grp. M24 = Ant(G2x) = ? 2
.

45 x 108

the Conway grp. Co
,

= Aut(12/2 = Aut (VfG) 4
.

16 x 1018

the moster grp . M = Ant (BH) = Aut (*) 8.08 x1053
*

Griessalg.whwT=2



Conway gops.

Def
↳

A lattice (2 .
7

, -3) of dim n
is a free abgrp. LCIR"of rk .

U whose basis spans IR"

with a non-dyn . Sym .
bilin. form 7 ,

->: (x) -> IR.

A 24-dim
. pos-def .

even self-dual lattice is called a Niemeier lattice
.

The Leech lattice Azx is the Niemeier lattice without rectors with IkK = 2
.

lunique up to isom
.)

Coo : = Ant (12x) Center (Cool = [113 = E2

So, : = 200/2 simple

moster grp. M

1+24
Fact M =2 Co

, 0 )
,

w = 1
.

-

group extension

Def

G is an extraspecial p-group path (p : primal
-

Et & I

Center (G) =Exp

G/Center (G)E(Exp)
"

ex . gamma matrix algebra
If the number of Us is odd (V, , .

.

., Uzm+1)
,(W1,

. .

.. Vm)[Vi ,Vj] = -2 Sij) then =V... V2m+, - Center
·

U

& 1
,
IVi

, IViti , ..., [V,
... VzmbE 21 + zm

center = [113



how to combine two groups N and G.12. Group extension generalization of NXG
,

NXG
.

Def

G
,

N : grps .

An extension of G by N is a short exact seg . of grp.
homs.

1 -> N4G + 1
.

-

section S

(G is also called an extension. Any extension is denoted by N
. G

.

)

N

/NEG

Tos = ide not necessarily a grp.
hom.

Take a section S : G + Q
.

~

is a bijection .N +G -> G
N

(n"g) + n . s(g)

If we can take a gup-hom .
sections (If the short ex

. Seg splits),

then the multiplication law of G is #) (s(g)ns(g)") = g . 1 . 8 = 1 : Signsg'EN
-

(n . s(g)) . (n · s(g)) = (n . sign's (g)") · S(88)

= (n · Yg(n)) · S188]

where Yg : N + N defines a G-action GAN.

-

.. GEN Xy G. N : G

In particular ,
ifY is a trivial action Yg = ide

,
then GENXG.



Suppose is not a grp .
hom.

We can define E : GXG + N S .

t.

S(g)s(y) = 5(8
,
813188)=

Let N be abelian. Then Yg : N + N defines a G-action GoN.
Y N

s(81s(g)nS(g)"s(g)-1
ni S(g)nS(g)

↑ S(5g)nS(gg)-

The multi. law of G is
s(5g)"s(g)S(g) EN : abelian

(n . S(g)) · (n· S(y)) = (n . Yg(n). 218
,8) · S188.

& is a 2-cocycle :

& 18 .8) . [185 , 8") = Yg 1818: 8")) & (8 , 8g")
.

I associativitya
Prop

G : a grp.

N : a G-module (an ab
. grp.

with G-action

extensions of G by N · Even if GE
,E compatible with the Graction]/equir. E H2(G : N) they can be inequir

N Y as grp · extensions
.

( A set NX G with multi. law ( -(2)
= -N + 1(n , 9) · (ng) = (n. g (n)· 2 18.81

, 88)

NXGX O

In particular , if NC Center (2)
,

then Y is a trivial action.

(n . S(g)) · (n S(g)) = (n . ~. S(8
,8) . 5188).

I is called a central extension.



Examples
trivial action

· Fact H2(doizz) = E2
split non-split

-> There are only two central extensions : E2 X Co
,

and 200

Carry (EX" 1) central extension , non-split

*100 10.10

↑
0-99 the

24 + 38 = 65 (2 ,
7) + (3 . 8) = (2+ 3 + 2(4 . 8)

,
77 + 8) = 16

, 5)
-

= 1 (carry



2. Monstrous moonshine

· modular inv.modulari-function La mod
, func of weight Of

j
,
(t) = g - 18848+

q =It is
j(t) = g- 744 + ...

Il

1 + 196883

dim
. of irrep . of M McKay (1978)

, Thompson (1949)

d
=

= 1
,
dz = 196883

,
d3 = 21296876, ... "monstrous moonshine "

" Conway
Norton

Moreover
, if we decompose J ,

(1 into the irr
.
characters

che(t) := Twe glo- /Ve : the irr
· highest-weight rep of weight h)

of the Virasoroaly. of C = 24
,

j , (t) = dicho + dachz + dachs + dych4

+ doch5 + (d5 + dn)ch) + ...

very simple !

This observation was explained by a P with M symmetry.

den A chiral CTV is a rep. sp . of the Vir
. alg:I

V = Va, ... Va, Vaz- Vaz p ...

= action MAV which commutes with the Vir
. actionPin the symmetry M ! Au+ (v) > M ( S

V = W, Va
,

a Wa Vaz ...

↑
rel
x

Its character is C
. Sp . of M

Try glo- = &(dim Wi) chai (t)



- mod
. func.

Many other relations

& ⑭ingop.

-Mdbi form
M j , (t)

are observed.

yAut character
sartition functionsymmetry I

Frenkel
↑

VG Lepowsky
- ---- Meurman

Constructed from a lattice VOA.

· lattice VOA

pos-def. even self-dual lattice 1 of rk. n

-> bosonic mod-inv
. VOA V of C = U

creation operator (i .
<] = m Sic Sath

, o
↳

As a vec . sp.,
V = Spanhdm .... CmE) /Fire,=

0

. 3
-

weight
(lo-eigenvalue) M

,
+ . . + Me + Elk12

Its character is

1k] Lo-= 0Trglo-= 2)

Orbifold by 22 L = 124
(Xi+ - Xi)

So
,

we consider VK := VA/E2
.

monster VOA (moonshine module



· How Aut (h) = M ?

124 Aut (124) = Coo

cocyclefactora Hom (2 , Ex2)
SI

(22)24

central extension 1 + 22 + 124-12 + 0 Ant (124) = 24 Coo
↑

add cr-an .
op. 2 non-split

VA24 Aut(Vic) = 224
. Coo

add

Ex2-twisted sector
&

Ez-orbitold & project outo

VAz # (Vaz)tw 1 2
:+

24. Coo

2x2-inv
.

States
↓

V-4 n 27+24. Co
,

22-inv. ↑(v(2-invp(V2) tw
Il Il This action does not mix

& Vo To the untw. sector and the two sector
.I #

Vz- Th
~
triality operator

Thm /Frenkel
, Lepowsky ,

Meurman) "Vertex operator algebras and the Monster" (1988)

Aut (w4) = <27
+24. Co

1, r) = M
.



3. Conway (supermoonshine

3. 1
.

Duncan's module

We will construct an N= 1 VOSA VFG of C = 12 and Ufhlweight = 0.

Thm (Duncan , 2007) "Conway supermoonshine module"

"Duncan's module"

Autv= 1 (vf4) = Co
,

Thm (Duncan
,

Mack-Crane
,
2014)

The uniqueness of Uh is still a conj .

(c = 24
, He= 0) (FLM uniqueness Conj .

)

Such a "VOSA" of C=12 without weight- states is unique
a self-dual C2-cofinite

up to isom.
rational VOSA of [FT type

n real chiral free fermions

NS sector (Clifford module VOSA)

As avec
.

Sp.,

,
l = 0

,
1

,
2

,

...

Vje(z+1)
,

[4:
,
454 = -28irgres

.

ohFis = Spanhe
j %

34:2 ,
4-33 = 0

& sector (canonically-twisted module n : even

Ej := (4 + #4?)
,
E := (48- F14") E choice of the polarization

As a vec . Sp,

3Fr =

Spani



· Spin (n) action

4'...,4" : an orthonormal K-basis of VECh 14 :
+ 45)(4:

+ 42) = - 147 - 14812 - 2(445

4) x42 + 45x4i = - 28i

Cliff (v) :=VEYor--lp 34: , 453 = - 28i

Spin (n) < Cliff (v)

1 + E2 -> Spin(n) SO(n) -> 1 a double cover of S0(n)
N

Im

~ (x ....44)(i)k" = (4) ... 44m)i)
ESpin(n) acts on

Firs as 4'r... 4re(0) i (4x") - r. . . (4ex") - re10> Socul-action

FR as ↑...4 ...10 (4"()r.... (E)OR
# Cliff(V

(4-r
.

.... 4) (40:,4)

When h is even
, -Isos ESO(n)·

The lifts of -1soms are 14
1
... 4" =: 13

.

&
2

z
= - 1Spini)) (n : odd)

Center (Spin(n)) = Ex = (3) (U = 2 mod 4)

#
2

x * z
= ( - 1spinin1)x(z) (U = 0 mod 4)



If U = 0 mod 4,

Spin (n)

()12 * 1Spincus
n + S

SemiSpin(n) E So(u) ml -m

parities of each sector :

- 1Spin(n)fermionc + 1 - 1
parity

1-2 m different

R sector
parity of

+ 1

Sensejust a convention
- 1

1

II

FNs

3
SO(n)

minimum-weight states of each sector :

Firs =102
1dim

.

FR7 Leven #of Es) 107R

2"-dim
. positive chiral rep.

3wt
.

O wt
. I of Spin (24)

24-dim .
2"- dim

. negative
First 4: 10)

at. FRG (odd ++ (10) wt.

No weight -- states in Vth



· Co
,

action onlfh Fact

↓
=

Coo < Spin (24)

134 12

SemiSpin(24)C Co, Coo = Aut(124) < SO (24)
↳ Fact det = +1
Vfh

In the 2"-dim. weight - E subsp .

(V +4)
,

there exists a 1-dim
.

inv
. subsp.

under the Co
, action .

Its basis G constitutes the supercurrent of the Co,-inv. N= 1 SCA.

-> Ant=1(vfh) = Co
. .



Stolz-Teichner ? proposal ? program?

3.2. Connection to the Segal-Stolz-Teichner conjecture

Conj If.

(1108 .
0189 Stolz-Teichner)

SRFT. TMF .

↑ the SI (2-graded ring)Jace

"the of the classes of topological modular forms
space (E-graded ring)

of the equir.

classes of Id N= 10
, 1) S & FTS

first
For [T] E S &FTyE

degree
Pontrjagin class

/

↓

the anomaly polynomial of the grav .

anom=* P,

weakly holomorphic modular forms
· S &FTn Es TMEn-(MFzhE with E coefficient of weight E

N Y
f() = ((t+d) f(t)

(T)> Y(t)" Zell [T](t)

Zell(t] (t) : = Trie
· resector

(-1)F q***

If t is an SCFT , ↑
· n = 2(Cr - 4) indep. of

· Zell(t] (2) = TrHenector (1)
+Enghoo- (the function of 9)

If we assume that the SST Conj · is true,

we can obtain nontrivial Statements on S&FT
·

by translating the properties of TMF
.



Example 1
.

the divisibility property

TMFn- > (MFIHE is not surjective.

HopkinsIts image is also determined. (Hopkins , Mahowald) Cf .
(Math 102123917 Prop. 4

.6)

In particular ,

(its image) ~ * (41)) = (
* /Mih] (n = 0 mod un)

O (otherwise

Therefore
, if the SST conj· is true

,
then for ITTES& FTn,

Zell(t](t) is const
.

=> E /Zell ( + ](t) (24(n)

Zell(T] (i) = 0 lotherwise)

For example ,

↓ +G : (
,
(r) = (12 , 0) n = -24

) = 24 1 Zell (vf4](t) = - 24



· Example 2
.

the periodicity element

Fact

There exists a periodicity element XETMF-242 = - 16
S

.

t
.

X : TMFn -> TMFn-576
.

Under the SST conj ,
this translates to the existence of

an N = 10
, 1) S& FTY of U = - 576 St

. Zell(t] = 1
.

It suffices to find

an N = 1 chiral SCFTT of C = 288 st . Zell(T] = 1
.

↓

Zell(t] (i) = const
.

(Vf4(*24 has C = 24 x 12 = 288
.

(1707 .

08388 Johnson- Freyd]

The anomaly of its Co, sym ,
is described by the generator of SH(do . ) = *2x

.

~ (VEG)02yo
,

has Zen(T] = 1 ?

(vfh)*2(y(Co
, * A24) # ? (2210 .

14923 Albert
,

Lin
, Kaidi]

Co
, XS24 is anomalous

.



4. Mathieu moonshine ept . Kahler ufd .
with triv. can

.

bde.

-

43 surface : a cpx-2-dim . CY mid .

with
%

= 0
.

1800,
o

K3-target SCFT : N = (4
, 4)

,

(2
,
(r) = 16

, 6)

The elliptic genus
the weak Jacobi form

of weight 0 and index F = 1

2 k3(t , z) : = TrHps(-1)
+ En y5o qho-to- (Fe

= 240, 1 (t , z)

= 2(y + 10 + y
=

+ (1082 - 64 % + 108 - 64% + 102)8 + ... )

If we decompose [43 into the irr
.

char of the N= 4 SCA of C = 6,

2k3(t . 2) = 20chlassless (t, ) - 2chsless) (t , 2)

+ 2 An Chatte (t ,z)

u 1 2 34 56 ...

An 4523177022775796 13915
...

3520 + 10395

dim
. of irrep . of Mix :

1. 23
,
45

,
45

,

231
,

232
,

252
,

253
,

483
,
770

,

900,

990
,
990 , 1035

,
1035

,
1035

, 1265
,

1971
,

2024
,

2249
,
3312

,
3520

,
5313

,

5496
,
5544

,
10395

-> underlying VOA-like object ?

K3 Mathieu moonshine (EIA ,
K*I 11)

, 2010)



other evidence of the existence of VOA

Cheng (2010)
twined ell

. genera (the McKay-Thompson Series) Gaberdied
, Holenegger, Volpatoa

=

M2x-module reproducing them
.

Ganon (2012)

twisted twinedell. genera

Their mod
. trsf. are controlled by a 3-cocycle in H3(M24 ; (1).

(fit into the theory of anomaly) Gaberdiel
,

Persson, (2012)
Ronellenfitsch

, Volpato

However, the hol
.
2form

~
preserve

Antw(k3) [ M23 Mukai (1988)

· M24 &Ant= 14
,
4(k3 [FT) & Co

,
Gaberdiel

, Hohenegger, Volpato (2010)

The underlying VOA-like object is not yet found !

solution ?

symmetry surfing ? Taormina
,

Wendland (2011-13)

reflected K3 = VfG ?
D uncan

,
Mack-Crane (2015)

Taormina
, Wendland (2014)

·

preserve only N=(4
,
1) ? Harvey ,

Moore (2020)

some subalgebra ?

non-inv
. Sym .?

Volpato (2024)

Angius ,
Giaccari

,
Harrison , Volpato (2025)

:


