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2d diagonal RCFT on torus

◦

◦
• •

L

T

H1 =
⊕
a

Va ⊗ Va

Z1(q) = trH1 q
H/2π =

∑
a

χa(q)χa(q)

(q = e−2π(T/L) = e−2πβ)

the asymptotic density of states in the sector Va ⊗ Va:

“ dimVa ⊗ Va
dimH1

” = lim
β→0

trVa⊗Va
e−βH

trH1e
−βH

(ratio of partition function)
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2d diagonal RCFT on torus

L

T
S transformation−−−−−−−−−−→ L

T

q′ = e−2π(L/T ) ≪ 1
(low temperature)

χa(q) =
∑

b Sbaχb(q
′) ∼ S1aq

′−c/24

↑ assumption{
χ1(q

′) = q′−c/24(1 + • q′• + · · · )
χa̸=1(q

′) = q′−c/24(• q′• + · · · )

∴ trVa⊗Va
qH/2π = χa(q)χa(q) ∼ S1aS1aq

′−c/12

∴ (asymptotic density of Va ⊗ Va) ∝ S1aS1a

3 / 10



→ How to derive such asymptotic densities for more general
CFTs with modular tensor category (MTC) symmetry, fusion
category (FC) symmetry, ...?

(More fundamentally, what is the counterpart of “the sector
Va ⊗ Va” for more general CFTs with modular tensor category
(MTC) symmetry, fusion category (FC) symmetry, ..?)
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2d CFT with finite group symmetry G

the action of g ∈ G on H1

Ug : H1 → H1

H1 =
⊕

ρ∈Irrep(G)

Hρ
1

Z1(q) = trH1 q
H/2π
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2d CFT with finite group symmetry G

the asymptotic density of states in the sector Hρ
1 :

(S. Pal and Z. Sun [2004.12557])

1○ P ρ
1 := dim ρ

|G|
∑
g∈G

χρ(g)Ug is the projection H1 ↠ Hρ
1.

(∵ the character orthogonality
∑
g∈G

χρ(g)χρ′(g) = |G|δρ,ρ′)

2○ Zρ
1 (q) := trHρ

1
qH/2π = trH1P

ρ
1 q

H/2π

=
dim ρ

|G|
∑
g∈G

χρ(g) g =
dim ρ

|G|
∑
g∈G

χρ(g) g

∼ dim ρ

|G|
χρ(e) e =

(dim ρ)2

|G|
Z1(q

′)

∴ (asymptotic density of Hρ
1) ∝ (dim ρ)2
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finite group symmetry vs diagonal RCFT

• finite group G :
invertible fusion category consisting of

Ug = g : Hρ
1 → Hρ

1

∈ ∈

|ψ⟩ 7→ ρ(g)|ψ⟩

• diagonal RCFT :
modular tensor category consisting of

the Verlinde lines a : Vb ⊗ Vb → Vb ⊗ Vb

∈ ∈

|ψ⟩ 7→ Sab
S1b

|ψ⟩
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2d diagonal RCFT revisited
the asymptotic density of states in the sector Va ⊗ Va :

1○ P
(a,a)
1 :=

∑
b

S1aSba a is

the projection H1 ↠ Va ⊗ Va.

2○ trVa⊗Va
qH/2π = trH1P

(a,a)
1 qH/2π

=
∑
b

S1aSba b
=

∑
b

S1aSba b

∼ S1aS1a 1 = S1aS1aZ1(q
′)

∴ (asymptotic density of Va ⊗ Va) ∝ S1aS1a

For general MTC, just define the sector H(a,a)
1 := P (a,a)H1.
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2d diagonal RCFT: twisted sectors

the projections for
the a-twisted Hilbert space Ha =

⊕
c,d

N c
adVc ⊗ Vd :

P (c,d)
a :=

∑
b,b′

S1cScbS1dSdb′
b

a

b′
: Ha ↠ N c

adVc ⊗ Vd

−→ (asymptotic density of N c
adVc ⊗ Vd) ∝ N c

adS1cS1d

For general MTC, just define the sector H(c,d)
a := P

(c,d)
a Ha.
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What is the sector H(c,d)
a for general MTC?

→ H(c,d)
a is the a-twisted sector

of the sector H(c,d) which transforms under
the irreducible representation labeled by (c, d)

of the “tube algebra” of the MTC.

symmetry category MTC M FC C
Drinfeld center Z(M) = M⊠Mop Z(C)

projector Pµ
a : Ha ↠ Hµ

a

(µ ∈ Drinfeld center)
P

(c,d)
a :=

∑
b,b′
S1cScbS1dSdb′

b

a

b′

H(c,d)
a := P

(c,d)
a Ha

Pµ
a :=

∑
ν
S1µSµν

a

ν

Hµ
a := Pµ

a Ha

tube algebra

{
a

a′

b
xb,α
a,a′ | a, a′, b ∈ C

xb,αa,a′ ∈ Hom(b⊗ a, a′ ⊗ b)

}
Hµ ↶ irrep µ of tube alg H(c,d) =

⊕
a
H(c,d)

a Hµ =
⊕
a
Hµ

a

asymptotic density of Hµ
a ∝ N c

adS1cS1d ∝ ⟨µ, a⟩dimµ
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