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2d Rational CFT

At some special points in a moduli space of CFT, the symmetry of
CFT is enhanced.

the chiral algebra A is larger than the Virasoro algebra
— # (primary fields (irrep.) of A) < oo

— Rational CFT

known examples of 2d RCFT

> |t is determined when a torus-target CFT is rational.
. . 2
e.g. S! target with radius R such that £ € Q

» Gepner models — some Calabi-Yau targets

How many more RCFTs? characterization by target geometry?
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Gukov-Vafa Conjecture

Conjecture [Gukov Vafa '02]

For a Ricci-flat Kaler target (M; G, B),

. M and its mirror W
?
the SCFT is 7 7 6 L
with the same CM field

rational

In [Kidambi Watari MO '22, Watari MO '22],

> we pointed out some need for refinement of this statement.
> we examined this statement for M = T%.
— “"RCFT = CM" but the converse is not true.

» By adding one more condition,
we can achieve a necessary and sufficient condition.
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Complex Multiplication

CM-type : a generalized notion of
an elliptic curve with complex multiplication.

T =C/Z®TZ
T / If Fa,b € Z such that 72 = ar + b,

< is alinear map Z® 1Z — Z & L.

BN . (12 > T2
. . Otherwise,

! is not such a linear map.

§ (®2Q)
If 3D € Z g such that 7 € Q(+/D),
End(H(T2 Q) = Q(v/D).

“T2 is an elliptic curve with complex multiplication.”
“The Hodge structure on H(T?; Q) is of CM-type.”

(Otherwise, End(H'(T2;Q))Hde = Q.)
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Supporting Evidence of the GV Conjecture
[Moore '98, Gukov Vafa '02]
» elliptic curves M = T?

M=T?=C/(Z&rZ)
RCFT < 3D € Z.g such that 7,p € Q(vVD) »r=Ju &5

M =T? and W = Tg are of CM-type with Q(v/D).

> the Fermat quintic M = {27 + 25 + 2§ + 23 + 22 = 0} C P*
- target space of the Gepner model (MmN_2 diag)®5 /7,

9/5
- M| ! wl o
0 0 0 0
0 1 0 111 1 0 101 0
[1 100 101 1]}= + 11 11
0 1 0 0 0 x50 0 100 0
0 0 0 0
1 1

The ‘ Hodge structures‘ are of CM-type with Q((5).
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GV Conjecture Revisited
Some need for refinement of the GV conjecture:

» Choice of complex structure
o N =(1,1) SCFT e~ (M;G, B)
e the Hodge structure on H*(M;Q) «~ (M; 1)

> Existence and choice of mirror
In general, for N' = (2,2) SCFT (M; G, B;1),
- its mirror (Ms; Go, Bo; 1) does not always exist.
- even if exists, not necessarily unique.

» Which Hodge structure should be of CM-type?
There can be multiple Hodge structures on H*(M;Q).

T4 CY 4—f0|d 1
1 0 0
3,3
2 2 0 ‘ n? ! h3 ’ 0
1 4 1 1 22 [ 1
2,1 1,2
2 2 0 . h i h . 0
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Results 1 [Kidambi Watari MO 22, Wendland '00(Sep), Meng Chen '05]

» (T G, B) gives RCFT
= o Fcomplex structure I such that
e a mirror (Tf;GO,BO;IO) exists and for any mirror,
e the Hodge structures on H*(T*; Q) and
the Hodge structures on H*(T#; Q) are of CM-type

and Hodge isomorphic.
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Results 2 [Kidambi Watari MO '22, Watari MO '22]

» The converse is not true:
even if we impose all the conditions on (T%; G, B),
there remain some non-RCFT cases.

eg TH~T2 xT2
2 2
| T | T

T

RCFT 1,1 € Q(\/p1) 79, p2 € Q(,/P2)
non-RCFT | 7 € Q(\/p1), p1 € Q(/p2) | 72 € Q(\/D2), p2 € Q(\/P1)

» An additional condition

e There exists an isogeny ¢ : T2 — T* such that
¢* : HY(T*;Z) — HY(TJ; Z) satisfies

¢*ry = idlry

where T, C H{(T*;Z) denotes the “non-T-dualized directions”.

eliminates the non-RCFT cases, and
gives a necessary and sufficient condition for RCFT of M = T*.
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